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ABSTRACT
The effective action in four dimensions resulting from the ten-dimensional
N = 1 heterotic supergravity coupled to N = 1 supersymmetric Yang-
Mills upon dimensional reduction over nearly-Ka¨hler manifolds is discussed.
Nearly-Ka¨hler manifolds are an interesting class of manifolds admitting an
SU(3)-structure and in six dimensions all homogeneous nearly-Ka¨hler man-
ifolds are included in the class of the corresponding non-symmetric coset
spaces plus a group manifold. Therefore it is natural to apply the Coset
Space Dimensional Reduction scheme using these coset spaces as internal
manifolds in order to determine the four-dimensional theory.
1 Introduction
Superstring theories are the best candidates for a unified description of all
fundamental interactions, including gravity. However, they are consistent
only in ten dimensions and therefore it is crucial to find a suitable compact-
ification which would lead to a realistic four-dimensional theory. This task
has been pursued in many diverse ways over the last years.
The heterotic string theory [1] is one of the most popular versions of the
superstring theory, since apart from the dimension of the higher-dimensional
theory it also suggests its gauge group, which is E8 × E8 or SO(32). The
E8×E8 gauge group is the most interesting case, since it can be broken down
to phenomenologically interesting Grand Unified Theories (GUTs), where the
standard model could in principle be accommodated. Moreover, the presence
of chiral fermions in the higher-dimensional theory serves as an advantage in
view of the possibility to obtain chiral fermions also in the four-dimensional
theory.
The heterotic string theory is an N = 1 supersymmetric theory in ten
dimensions and its dimensional reduction over tori leads in four dimensions
to N = 4 supersymmetry, which is not a phenomenologically acceptable.
The realization that Calabi-Yau (CY) threefolds serve as suitable compact
internal spaces in order to maintain an N = 1 supersymmetry after dimen-
sional reduction [2] led to pioneering studies in the dimensional reduction
of superstring models [3, 4]. However, in CY compactifications the result-
ing low-energy field theory in four dimensions contains a number of massless
chiral fields, known as moduli, which correspond to flat directions of the
effective potential and therefore their values are left undetermined.
The attempts to resolve the moduli stabilization problem led to the study
of compactifications with fluxes (see [5] for a review). In this context the re-
cent developments suggested the use of a wider class of internal spaces, called
manifolds with SU(3)-structure, that contains CYs. Manifolds with SU(3)-
structure have been exploited in supersymmetric type II compactifications
[6]-[13] as well as in heterotic compactifications [14]-[20].
An interesting class of manifolds admitting an SU(3)-structure is that of
nearly-Ka¨hler manifolds. The homogeneous nearly-Ka¨hler manifolds in six
dimensions have been classified in [21] and they are the three non-symmetric
six-dimensional coset spaces and the group manifold SU(2)× SU(2). In the
studies of heterotic compactifications the use of non-symmetric coset spaces
was introduced in [22]-[25] and recently developed further in [14, 18]. More-
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over, the effective theories resulting from dimensional reduction of the het-
erotic string over nearly-Ka¨hler manifolds were studied in [26, 27]. Last but
not least it is worth noting that the dimensional reduction of ten-dimensional
N = 1 supersymmetric gauge theories over non-symmetric coset spaces led
in four dimensions to softly broken N = 1 theories [28].
2 Nearly-Ka¨hler manifolds
Calabi-Yau manifolds are extensively used in string compactifications be-
cause they preserve N = 1 supersymmetry in four dimensions [2]. This
feature stems from the existence of a nowhere-vanishing, globally defined
spinor on these manifolds, which is covariantly constant with respect to the
Levi-Civita connection. However, another possibility is to use a connection
with torsion. The six-dimensional manifolds which admit a spinor which is
covariantly constant with respect to the new connection are called manifolds
with an SU(3)-structure. Their structure is completely specified by a real
two-form J and a complex three-form Ω, which are both globally-defined and
non-vanishing and they satisfy the compatibility conditions
J ∧ J ∧ J = 3
4
iΩ ∧ Ω∗, J ∧ Ω = 0. (1)
In addition, the exterior derivatives of these structure forms define the com-
ponents Wi, i = 1, . . . , 5 of the intrinsic torsion as
dJ =
3
4
i(W1Ω∗ −W∗1Ω) +W4 ∧ J +W3,
dΩ = W1J ∧ J +W2 ∧ J +W∗5 ∧ Ω. (2)
The intrinsic torsion classes Wi can be used to classify the several types of
manifolds [5].
Nearly-Ka¨hler manifolds are defined in the above context as the ones
whose only non-vanishing torsion class is W1. The homogeneous nearly-
Ka¨hler manifolds in six dimensions have been classified in [21] and they are
the coset spaces G2/SU(3), Sp4/(SU(2)× U(1))non−max, SU(3)/U(1)× U(1)
and the group manifold SU(2) × SU(2). The first three cases are well-
known to be the only non-symmetric coset spaces S/R in six dimensions
which preserve the rank, namely rankS = rankR. They have been studied
extensively in [29] in the reduction of ten-dimensional gauge theories to four
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dimensions. Therefore it is interesting to study the dimensional reduction of
the heterotic supergravity-Yang-Mills theory over these spaces and determine
the corresponding effective actions in four dimensions. In our examination
we ignore the group manifold case since it cannot lead to chiral fermions in
four dimensions.
In order to perform the dimensional reduction from ten to four dimen-
sions, the forms on which the several fields will be expanded have to be
specified. A natural basis of expansion forms consists of the S-invariant
forms of the manifolds [30]. Let us mention that all the non-symmetric
coset spaces do not admit S-invariant one-forms. However, S-invariant two-
forms, which we shall denote by ωi, exist in all cases and in particular
there is one for G2/SU(3), two for Sp4/(SU(2)× U(1))non−max and three
for SU(3)/U(1)× U(1). Finally, all the three spaces admit two S-invariant
three-forms, which we shall denote by ρ1 and ρ2. Forms of higher rank also
exist but they are not important in our context. The above forms are related
to the structure forms J and Ω of the SU(3)-structure as
J = R2iωi, Ω = V (ρ2 + iρ1), (3)
where Ri refers to the radii of the manifolds and V to their volume. In partic-
ular, G2/SU(3) admits only one radius R1, Sp4/(SU(2)× U(1))non−max ad-
mits two radii R1, R2 and SU(3)/U(1)× U(1) admits three radii R1, R2, R3.
Therefore the volume is R31, R
2
1R2 and R1R2R3 respectively in each case.
3 Dimensional reduction
The bosonic sector of the Lagrangian of the heterotic supergravity coupled to
supersymmetric Yang-Mills [31], which is the low-energy limit of the heterotic
superstring theory, can be written as
eˆ−1Lb = − 1
2κˆ2
(
Rˆ∗ˆ1+1
2
e−φˆHˆ(3)∧∗ˆHˆ(3)+1
2
dφˆ∧∗ˆdφˆ+α
′
2
e−
φˆ
2 Tr(Fˆ(2)∧∗ˆFˆ(2))
)
.
(4)
The above Lagrangian, written in the Einstein frame, contains the ten-
dimensional Einstein-Hilbert action, the kinetic term of the ten-dimensional
dilaton φˆ, the kinetic term for the gauge fields Aˆ and the corresponding one
for the three-form Hˆ. The hats denote ten-dimensional fields, while κˆ is the
gravitational coupling constant in ten dimensions with dimensions [length]4;
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eˆ is the determinant of the metric, while ∗ˆ is the Hodge star operator in ten
dimensions.
In order to dimensionally reduce the above Lagrangian to four dimensions
we perform the following Ansa¨tze for the fields appearing in (4). The metric
Ansatz is
dsˆ2 = e2αϕ(x)ηmne
men + e2βϕ(x)γab(x)e
aeb, (5)
where e2αϕ(x)ηmn is the four-dimensional metric and e
2βϕ(x)γab(x) is the in-
ternal metric, while em are the one-forms of the orthonormal basis in four
dimensions and ea are the left-invariant one-forms on the coset space. The
exponentials rescale the metric components in order to obtain an action with-
out any prefactor for the four-dimensional Einstein-Hilbert part. In order to
achieve this we have to choose the values of α and β to be −
√
3
4
and
√
3
12
respectively. Moreover, the dilaton is trivially reduced by φˆ(x, y) = φ(x),
since it is already a scalar in ten dimensions.
The three-form Hˆ is given in general by
Hˆ = dˆBˆ − α
′
2
ωˆYM , (6)
where Bˆ is the abelian two-form potential, which we expand in the S-
invariant forms of the internal space as
Bˆ = B(x) + bi(x)ωi(y), (7)
and ωˆYM is the Yang-Mills-Chern-Simons form. In (6) a term involving the
Lorentz-Chern-Simons form has to be included too. However, it is not needed
in the minimal supergravity Lagrangian and therefore we shall not consider
it here.
Finally, in order to reduce the gauge sector we employ the Coset Space
Dimensional Reduction (CSDR) scheme [32, 33, 29] (see also [34] for an
alternative approach based on equivariant reduction). The original CSDR of
a multidimensional gauge field Aˆ on a coset S/R is described by a generalized
invariance condition
LXI Aˆ = DWI = dWI + [Aˆ,WI ], (8)
whereWI is a parameter of a gauge transformation associated with the Killing
vector XI of S/R and LXI denotes the Lie derivative with respect to XI .
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The Ansatz for the higher dimensional gauge field that solves the invariance
condition (8) is
AˆI˜ = AI˜ + φI˜Ae
A, (9)
where I˜ is a gauge index and A an S-index, which can be split into indices
i, a running in the group R and the coset respectively. The same Ansatz
is used for the reduction of the ωˆYM . It is important to mention that in
the CSDR scheme the gauge group G in ten dimensions is broken down
to the centralizer CG(R) of the group R in G in four dimensions. In the
present cases the initial E8 × E8 gauge group is broken down to E6 × E8
and therefore the resulting theories are N = 1 supersymmetric E6 GUTs.
Moreover, in the CSDR scheme the soft supersymmetry breaking sector of
the four-dimensional N = 1 theories is obtained [28].
The effective action in four dimensions is obtained by substituting the
above expressions in the original ten-dimensional action. This procedure
results in the Lagrangian
Lb = − 1
2κ2
R∗1−1
2
Re(f)F I∧∗F I+1
2
Im(f)F I∧F I− 1
κ2
Gij¯dΦ
i∧∗dΦ¯j¯−V (Φ,Φ).
(10)
In (10) κ is the gravitational coupling in four dimensions, related to the ten-
dimensional one by κ2 = κˆ
2
V
, f is the gauge kinetic function and Gij¯ is the
Ka¨hler metric. the potential has the form
V (Φ, Φ¯) =
1
κ4
eκ
2K(Kij¯
DW
DΦi
DW
DΦ¯j¯
− 3κ2WW ) +D − terms, (11)
where the derivatives involved are the Ka¨hler covariant derivatives, W is the
superpotential and by Φi we collectively denote the chiral supermultiplets.
The superpotentialW can be determined by the Gukov-Vafa-Witten formula
[35],[36], which has the form
W =
1
4
∫
S/R
Ω ∧ (Hˆ + idJ), (12)
while the Ka¨hler potential can be determined as the sum of two terms K =
KS +KT , which are given by the expressions
KS = −ln(S + S∗), KT = −ln
(1
6
∫
S/R
J ∧ J ∧ J
)
, (13)
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where S is the dilaton superfield. A third contribution to the Ka¨hler potential
due to the complex structure moduli is not present here since the SU(3)-
structures we consider are real.
Applying (12) to the cases of G2/SU(3), Sp4/(SU(2)× U(1))non−max and
SU(3)/U(1)× U(1) respectively, the corresponding superpotentials take the
form
W1 = 3T1 −
√
2α′dijkB
iBjBk, (14)
W2 = 2T1 + T2 −
√
2α′dijkB
iBjΓk, (15)
W3 = T1 + T2 + T3 −
√
2α′dijkA
iBjΓk, (16)
where Ti are the superfields of the geometric moduli, A
i, Bi,Γi are the vector
superfields and dijk is the symmetric tensor of E6. Also, applying (13) the
corresponding Ka¨hler potentials are
K1 = − ln(S + S∗)− 3ln(T1 + T ∗1 − 2α′BiBi), (17)
K2 = − ln(S + S∗)− 2ln(T1 + T ∗1 − 2α′BiBi)− ln(T2 + T ∗2 − 2α′ΓiΓi),
(18)
K3 = − ln(S + S∗)− ln(T1 + T ∗1 − 2α′AiAi)− ln(T2 + T ∗2 − 2α′BiBi)
− ln(T3 + T ∗3 − 2α′ΓiΓi).
(19)
Finally, in all three cases the gauge kinetic function turns out to be f(S) = S.
4 Conclusions
In this contribution we have presented the main steps of the derivation of
the four-dimensional effective action which results from the heterotic super-
gravity coupled to supersymmetric Yang-Mills theory from ten dimensions to
four, using homogeneous six-dimensional nearly-Ka¨hler manifolds as internal
spaces. Since the homogeneous nearly-Ka¨hler manifolds in six dimensions
are the three corresponding non-symmetric coset spaces plus a group mani-
fold (which was not studied here because it cannot lead to chiral theories),
we employed the Coset Space Dimensional Reduction scheme to reduce the
gauge sector of the theory. Moreover, the other parts of the ten-dimensional
theory were consistently reduced using appropriate Ansa¨tze which amount to
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expanding the fields in S-invariant forms of the coset spaces S/R. The result-
ing theories N = 1 supersymmetric E6 GUTs and they also contain terms
which could be interpreted as soft scalar masses and trilinear soft terms in
four-dimensions, in case the minimization of the full potential would lead to
Minkowski vacuum. Their superpotential is determined in a straightforward
way via the heterotic Gukov-Vafa-Witten formula and their Ka¨hler potential
is determined using results of the special Ka¨hler geometry.
It would be interesting to study further the possibility to determine a
Minkowski vacuum with stabilized moduli in this context. Several directions
exist in order to explore this possibility, such as gaugino condensation (see
e.g. [37] and references therein) and the KKLT scenario [38]. Moreover, the
inclusion of more general fluxes combined with the ones already considered
could serve as another possibility to determine such vacua [39, 40].
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